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APPENDIX III 

A NEW DEVELOPMENT OF 
BOLYAI-LOBACHEVSKIAN GEOMETRY 

(from Math. Ann., Vol. 57) 

In my festschrift, Grundlagen der Geometrie, * Chapter I (pp. 
2-32)1 I have formulated a set of axioms for Euclidean geometry and 
then shown that the development of plane Euclidean geometry was 
possible with the plane axioms of that set alone, even if the use of the 
continuity axiom were avoided. In the following investigation I replace 
the axiom of parallels by a corresponding requirement of 
Bolyai-Lobachevskian geometry, and then show that it is possible to 
develop Bolyai-Lobachevsldan geometry in the plane exclusively with 
the plane axioms without the use of the continuity axioms. 2 This new 

development of Bolyai-Lobachevskian geometry, as it appears to me, is 
not inferior, because of its simplicity, to the hitherto well-known 
developmen t schemes, namely, those of Bolyai and Lobachesvsky, who 
both used the limiting sphere, and that of F. Klein by means of the 
projective method. Those developments essentially use space as well as 
continuity. 

*This refers to the First Edition of this book which, with some revisions, was 
translated by E. J. Townsend as The Foundations of Geometry (La Salle, Ill.: The 
Open Court Publishing Co., 1902). (Translator's note) 

1 Compare also my article in Appendix II of this book, "Uber den Satz von 
der Gleichheit der Basiswinkel irn gleichschenklingen Dreieck," Proceedings of the 
London Mathematical Society, Vol. 35 (1903). 

2 In the meantine, the corresponding problem has also been investigated 
independently of Axiom IV (p. 136) whi~h characterizes Bolyai-Lobachevskian 
geometry . Then M. Dehn, in his article "Uber den inhalt sphiirischer Dreiecke," 
Math. Ann. , Vol. 60, developed the theory of area in plane elliptic geometry 
without the use of the continuity axiom. Later in his article "Begrundung der 
elliptischen Geometrie," Math. Ann. , Vol. 61, G. Hessenberg succeeded in giving a 
proof of the point of intersection theorems in plane elliptic geometry under the 
same assumptions. Finally, J. Hjelmslev, in the article "Neue Begriindung der 
ebenen Geometrie," Math. Ann., Vol. 64 , has shown that plane geometry can be 
developed without the continuity axioms, and even without any assumption 
about intersecting or nonintersecting lines. 
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For the sake of easier conprehension I list the following axioms of 
plane geometry used subsequently in accordance with my festschrift 
Grundlagen der Geometrie, as follows: 1 

I. Axioms of Incidence 

I, 1. For two points A, B there always exists a line a on which each 
of the two points A, B is incident. 

I, 2. For two points A, B there exists no more than one line on 
which each of the two points A, B is incident. 

I, 3. On every line there exists at least two points. There exist at 
least three points which do not lie on a line. 

II. Axioms of Order 

II, 1. If a point B lies between the points A and C then A, B, C, are 
three distinct points of a line and B then also lies between C and A . 

II , 2. For two points A and B there exists at least one point B on 
the line AC such that C lies between A and B. 

II , 3. Among any three points of a line there exists no more than 
one which lies between the other two. 

DEFINITION. The points that lie between the points A andB are 
also called the points of the segment AB or BA. 

II, 4. Let A, B, C be three noncollinear points and a a line in the 
plone A, B, C which meets none of the points A, B, C If the line a 
passes through a point of the segment AB then it also passes either 
through a point of the segment BC or a point of the segment AC. 

III. Axioms of Congruence 

DEFINITION. Every line decomposes at anyone of its points into 
two rays. 

III, 1. If A, B are any two points on a li~e a and A' is a point of a 
line a' then it is always possible to find a point B' on a ray of the line a' 

1 The lonn of Axioms I-III is taken from the present.-edition. 
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determined by A' such that the segment AB is congruent or equal to 
the segment A 'B'. Symbolically 

AB == A'B'. 

1II, 2. If a segment A 'B' and a segment A "B" are congruent to a 
segment AB then the segment A 'B' is also congruent to the segment 
A "B". 

Ill , 3. Let AB and BC be two segments without common points on 
the line a and furthermore let A 'B' and B'C' be two segments without 
common points on the same or on another line a'. If AB == A'B' and 
BC == B'C' thenAC == A'C'. 

DEFINITION. A pair of rays hand k emanating from a point A, 
which together do not form a line, is called an angle, and is denoted 
either by 

4 (Ii, k) or 4(k, h). 

The side of a plane with respect to a line can be defined with the aid of 
Axiom II. The points of a plane that lie on the same side as k with 
respect to h and at the same time lie on the same side as h with respect 
to k are called interior points of the angle 4 (h, k). They form the 
angle space of this angle. 

Ill, 4. Let an angle 4 (h, k), a line a' and a definite side of a' be 
given. Let h' denote a ray of the line a' that emanatesIrom the point 
0'. Then there exists one and only one ray k' such that the angle 
4 (h , k) is congruent or equal to the angle 4(h', k'), symbolically 

4 (h, k) == 4 (h', k'), 

and such that all interior points of the angle4(h', k'j lie at the same 
time on the given side of a'. 

Every angle is congruent to itself, i.e. , 

4 (h, k) == 4 (h, k) 

is always true. 
Ill, 5. If for two triangles ABC and A 'B' C' the congruences 

AB == A'B', AC == A'e' and 4 BAC == 4 B'A'C' 
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hold then so does 

4 ABC == 4 A'B'C'. 

The triangle congruence and the isoscles triangle theorems follow 
easily from Axioms I-III, and the possibility of erecting or dropping a 
perpendicular, as well as bisecting a given segment or a given angle, can 
be realized at the same time. In particular, the theorem that in every 
triangle the sum of two sides is greater than the third follows just as in 
the Euclidean case. 

IV. Axiom of Intersecting and Nonintersecting Lines 

The axiom which in the Bolyai-Lobachevskian geometry corre
sponds to the axiom of parallels in Euclidean geometry is expressed as 
follows: 

IV. If b is any line and A a point not on the line, then there exists 

through A two rays aI' a2 which do 
not form one and the same line and 

\.A do not intersect the line b, while 
, , 

h, 

, , 

\n 
a 

b. 

every ray emanating from A that 

lies in the angle space formed by 

aI' a2 does intersect b. 
DEFINITION. Let the line b 

decompose into two rays bI' b2 at 
some of its points B and let aI' b1 

lie on one side and a2, b2 on the other side of the line AB. Then the ray 
a1 shall be said to be parallel to the ray b 1 , and similarly the raya2 
shall be said to be parallelto the ray b 2. In the same way, the rays a I' 

a2 shall be said to be parallel to the line b, and it will also be said that 
each of the two lines, of which a1 or a2 are rays, is parallel to b. 

The validity of the following propositions follows immediately: 
If a line or ray is parallel to another line or ray then the latter is 

also always parallel to the former'! 

1 The proof can be produced by a method due to Gauss. cr. Bonola
Liebmann, Die nichteuklidische Geometrie (Leipzig, 1908 and 1921). Non-Euclid· 
ean Geometry, trans. by H. S. Carslaw (La Salle, 11l: The Open Court Publishing 
Co. , 1908 and 1921). 



DEVELOPMENT OF BOL VAI·LOBACHEVSKIAN GEOMETRV 137 

If two rays are parallel to a third ray then they are parallel to each 
other. 

DEFINITION. Every ray determines an end. All rays that are 
parallel to each other shall be said to determine the same end. Generally 
a ray emanating from the point A having the end a will be denoted by 
(A, a). A line has two ends. Generally a line whose ends are a and (3 will 
be denoted by (a, (3). 

If A, B and A', B' are two pairs of points and a and a' are two ends , , 
such that the segments AB and A B are equal and moreover, the angle 
formed by AB and the ray (A, a) is equal to the angle formed by A 'B' 

and the ray (A', ci) then, as is easy to see, the angle formed by BA and 
(B, a) is also equal to the angle formed by B'A' and (B', ci). The two 
figures ABO' and A 'B' ci are said to be congruent. 

Finally the image under reflection will be defmed· in the familiar 
way. 

DEFINITION. If a perpendicular is dropped from a point to a line 
and is extended from its foot an equal amount to itself, then the 
resulting end point shall be called the reflection image of the original 
point in that line. 

The reflection images of the points of a line lie again on a line. 
These will be called the reflection image of the original line. 

§ I. Lemmas 

The following lemmas will be proved consecutively : 
LEMMA 1. If two lines intersect a third line at equal alternate 

angles then they are not paralleL 
PROOF. Assume to the contrary, that the two lines are parallel to 

each other along some direction. If half a revolution were made about 
the midpoint of the delineated segment on the third line, i.e ., if the 
congruent triangle to the resulting one were constructed on the other 
side of that segment, it would follow that the first two lines were also 
parallel along the other direction, and this would contradict Axiom IV. 

LEMMA 2. Given two lines a and b which neither intersect nor are 
parallel, there exists a line which is simultaneously perpendicular to 
both of them. 

PROOF. From any two points A and P of the tine a drop the 
perpendiculars AB and PB'to the line b. Let the perpendicular PB' be 
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greater than the perpendicular AB. Then layoff AB on B'P from B' to 
A'so that the point A' lies between P and B' . Now construct the line a' 
through A', which intersects B'A' at A' at the same angle and in the 
same sense as the line a intersects the perpendicular BA . It will be 
shown that this line a' must meet the line a. 

To do this denote by a 1 the ray into which a decomposes at P, and 
on which the point A lies, and draw from B a ray h parallel to a l . 

Furthermore let h' be the ray which emanates from B' at the same angle 
from b and in the same direction as h. Since by Lemma 1 the ray h' is 

not parallel to h and hence is not parallel to a 1 and certainly does not 
intersect h either, then, as can readily be seen from AxiomIV, it must 
intersect a l . Let T be the point of intersection of the ray h' with 
a l . Since by construction A' is parallel to h' then by Axiom II, 4 the 
line a' must leave the triangle PB'T through the side PT, and the 
auxiliary proof is thus complete. Let the point of intersection of the 
lines a and a' be denoted by Q. 

From Q drop the perpendicular QR to b. Then on b layoff B'R 
from B up to the point R' so that on b the direction from B to R' is the 
same as that from B' to R. In the same way layoff on a the segment 
A'Q in the same direction from A to Q'. The connecting lineMN of the 
midpoints M and N of the segments QQ' and RR' respectively, yields 
then the desired common perpendicular to a and b. 

From the congruence of the quadrilaterals A 'B'QR and ABQ'R' 
follows the equality of the segment QR and Q'R' as well as the fact that 
Q'R' is perpendicular to b. From this in turn the congruence of the 
quadrilaterals QRMN and Q'R'MN is concluded and thus the stated 
assertion, and at the same time Lemma 2 are completely proved. 

LEMMA 3. Given any two nonparallel rays, there exists a line that 
is parallel to both of them, i.e., there exists a line which has the two 
prescribed ends ex and {3. 
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PROOF. Through any point 0 draw a parallel to the given ray and 
from 0 layoff equal segments, say up to A and B, so that 

, , , , , , , , 

OA = OB 

o 

, 

, , , , 
'- , -,_ I 

-~ :-,,_ F 
c : , , , 

,. , 
\ \ : 
\, : 
\. , 
\ . , 
\ \ : 

\ , , , . , 
\ . , 
\' , 
\ \ I 
\\ ! 
\\ : 
't : 

\; 
" '1M 

and the ray from 0 passing through A have the end 0' and the ray from 
o passing through B have the end {3. Then connect the point A with the 
end {3 and bisect the angle between the two rays emanating from A. In 
like manner join the point B with the end 0' and bisect the angle 

between the two rays emanating from B. Let the first and the second 
bisecting lines be denoted by a and by b, respectively. From the 
congruence 01 the figures OA{3 and OBO' follows the equality of the 
angles 

~(OA{3) = ~(OBa), 
~(a4(3) = ~(OIB{3), 
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and from the last equation the equality of the angles which have resulted 
from the bisection is also deduced, namely, 

4 (aAa) = 4 (aAj3) = 4 (cxBb) = 4 (bBj3) . 

First it is necessary to show that the two bisecting linesa and b either 
intersect or are parallel. 

Suppose a and b intersect at the point M. Since by construction 

OAB is an isosceles triangle it follows that 

4BAO = 4 ABO 

and hence by the preceding equations 

4 BAM = 4ABM; 

and thus 

AM = BM. 

Now connecting M with end a by a ray, the congruence of the figures 
Q\4M and exBM follows from the last segment equation and by the 
equality of the angles 4 (aA.M) and 4 (cxBM). This congruence would 
entail the equality of the angles 4(aMA) and 4(aMB). Since this 
conclusion is clearly invalid the assumption that the bisecting lines a 
and b intersect must be dropped. 

Assume then that the lines a and b are parallel. Let the end 
determined by them be denoted by J.I.. Suppose that the ray emanating 
from B and passing through a meets the ray emanating from A and 
passing through j3 at the point C and the line a at the point D. The 

segments DA and DB will be shown to be equal. In fact, if this is not 
the case layoff DA on DB from D to, say, B' and connect B' with J.I. by 
a ray. From the congruence of the figuresDAa and DB'J.I. would follow 

the equality of the angles 4 (DAa) and 4 (DB'J.I.) , and thus the angles 

4 (DB'J.I.) and 4 (DBJ.I.), would be equal, which is impossible by 
Lemma 1. 

The equality of the segment DA and DB yields now the equality of 

the angles 4 (DAB) and 4 (DBA) and hence by the foregoing the 

angles 4 (CAB) and 4 (CBA) are also equal and thus the equality of 
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the angles 4 (DAB) and 4 (CAB) also follows. However this 
conclusion is evidently not true and thus this assumption, that lines d 
and b are parallel, must also be dropped. 

Since according to these developments the lines a, b neither 
intersect nor are parallel there exists by Lemma 2 a line c that is 

perpendicular to both a and b, say at the pointsE andF, respectively. I 
assert that c is the desired line which connects the two given ends aand 

13. 
For the proof assume to the contrary, thatc does not have the end 

Q. Then connect by rays each of the feet E and F with the end.Q. 
Connecting the midpoints of the segments AB and EF with each other 
it is easily seen that EA = FB. From this follows the congruence of the 
figures aEA and OIFB and from it the equality of the angles 4 (AEa) 
and 4 (BFa), and thus the angles that are formed by the rays 
emanating from E and F with the line c are equal. This conclusion 
contradicts Lemma 1. Analogously, it can be shown that c also has the 
end~. The proof of the assertion is thus complete. 

LEMMA 4 . Let a, b be two parallel lines and ° a point in the 
interior of the region of the plane lying between a and b. Furthermore 
let 0a be the reflected image of the point ° in a, 0b the reflection 

image of the point ° in band M the midpoint of the segment 0aOb. 
Then the ray from M that is parallel both to a and b is perpendicular to 

0aOb atM. 
PROOF. If this is not the case, erect 

a perpendicular to 0aOb at M on the 
same side of 0aOb . Let the line 0aOb 

intersect the lines a and b at the pointsP O",-=:;'-;;---=j=---I-~o. 
and Q, respectively. Since PO < PQ + 
QO then POa < POb and QOb < QOa . 
Thus M must lie in the interior of the 
region of the plane between a and b. The 
perpendicular at M must then meet the 
line a or b. If it meets a, at point A , then 
it would follow that AOa = AO and 
AOa = AOb , and consequently it would 
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also follow that AO = AOb , i.e., A could also be a point of b, which 
would contradict the hypothesis of the theorem. * 

LEMMA 5. If a, b, c are three lines which have the same end w, and 
if reflections in these lines be denoted by Sa' S b' S c' respectively, then 
there exists a line d, with the same end w, such that the result of the 
consecutive applications of reflections in the lines a, b, c is the same as 
that of the reflection in the line d. This will be expressed by the 
formula 

PROOF. First assume that the line b lies in the interior of the 
region of the plane between a and c. Then let ° be a point on b, and.let 
the reflected images of ° be denoted by 0a and Dc , Denoting now by d 

the line that connects the midpoint of the segment 0aOc with the end 
w, then in view of Lemma 4 the points ° a and ° c are reflection images 

in d and thus the operation S d S c S b Sa is such that it leaves the point 
0a as well as the line that connects 0a with the end w unchanged. 
Since this operation consists of four reflections the congruence 
theorems show that it is the identity. Hence follows the assertion. 

Next, the validity of Theorem 5 can readily be seen in the case 
when the lines c and a coincide with each other. Indeed ifb'is the line 
that results from a reflection of b in the line a then denoting by S b' the 
reflection in b' the validity of the formula 

can be seen inunediately. 
FinaUy, assume that the line c lies in the interior of the region of 

the plane between a and b. Then, by the first part of the proof there 
certainly exists a line d' such that the formula 

SaScSb = Sd' 

is valid. Denoting by d the reflection image of d' in a, then by the 

*This conclusion agrees in essence with a result of Lobachevsky. Cf. Nicholas 
Lobachevsky, Geometrical Researches on the Theory of Parallels, trans. by G. B. 
Halstead (La Salle, Ill.: The Open Court Publishing Co., 1892 and 1914) Section 
111. (Translator's note) 
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second part of the proof 

ScSbSa = SaSaScSbSa = Sa Sd' Sa = Sd· 

Theorem 5 is thus completely proved. 

§ 2. Addition of Ends 

Consider a fixed line and denote its ends by ° and 00 . Choose on 
this line (0,00) a point 0 and erect a perpendicular at o. Let the ends of 

this perpendicular be denoted by + 1 and -1. 

The sum of two ends will be defined now as follows: 

DEFINITION. Let 0; (3 be any two ends distinct from 00. 

Furthermore let 001. be the reflection image of the point 0 in the line 
(01.,00) and let 0(3 be the reflection image of the point 0 in the line (fj, (0). 

Connect the midpoint of the segment 0 oP(3 with the end 00. The other 
end of the line constructed in this manner will be called the sum of the 

two ends 01. and (3 and will be 
denoted by 01. + (3. 

If a ray with the end 01. is 
reflected in the line (0, 00), the 

end of the resulting ray will be 

denoted by -01.. 

It is easy to see the validity 

of the equations 

01.+0=01., 
1 + ( -1) = 0, 

01. + ( -01.) = 0, 

01.+(3=(3+01.. 

o 

The last equation expresses the commutative law of addition of ends. 

In order to show the associative law of addition of ends denote by 

SO' SOl.' S(3 the reflections in the lines (0,00), (0; 00), ((3,00), respectively. 
By Theorem 5 of Section 1 there exists a line (a, 00) such that the 
formula 

holds for the reflection Sa in this line. Since in the operationsS!foSOI. 
the point 001. is transformed into the point 0(3 the latter must be the 
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reflection image of the point 001. in the line (a , 00) and hence 
a = 01. + ~,i .e. , the formula 

holds . 
If l' also denotes an end then the repeated application of the 

previously derived formula shows that 

and hence 

SOl + (~ + 1') = S~ + l' So SOl = S')'So S~So SOl ' 

S(Ol + ~) + ')' = S')'SOSOl+~=S')'SOS~SOSOl' 

and thus also 

01. + @ + ')') = (01. + ~) + ')'. 

The previously derived formula 

SOl+~ =S~SOSOI. 

shows at the same time that the given construction of the sum of two 
ends is independent of the choice of the point 0 on the line (0, 00). 
Hence if 0' denotes any point distinct from 0 of the line (0,00) and if 
O'oe O'~ are the images of the point 0' in the lines (01., 00) and (~, 00), 
respectively, then the perpendicular at the midpoint of O'oP'~ is again 
the line (01. + ~,oo). 

Another result that is necessary for the development in Section 4 
will be introduced here. 

If the line (01.,00) is reflected in the line @, 00) the resulting line is 
(2~ - 01.,00). 

In fact , if P is any point of the line which results from reflecting 
(01. , 00) in @, 00) then clearly it remains fixed if the reflections 

are applied to it consecutively. However, in view of the above formula 
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i.e., the composite operation is equivalent to a reflection in the line 
(2~ - a , 00). Hence the point P must lie on the last line. 

§ 3. Multiplication of Ends 

The product of two ends will be defined as follows: 

DEFINITION. If an end lies on the same side of the line (0,00) as 
the end + 1 does it will be said to be positive, and if an end lies on the 
same side of the line (0 , 00) , as the end -1 does, it will be said to be 
negative. 

Let now a, ~ be any 
two ends distint:: t from ° 
and 00. Both lines (a , -a) 
and (/3, -(3) are perpen
dicular to the line (0,00). 
Let these intersect this line 
at A and B, respectively. 
Now layoff on the line (0, 
00) the segment OA from B 
to C in such a way that the 
direction on the line (0,00) 
from 0 to A is the same as 
that from B to C. Then 

o 

0 
+1.--------~~-----------

.A 
(IG------------"~-----------

B 
~------~=r---------

c 
~p--------~~----------

-1. 

-(IG 

-fJ 
-(lGfJ 

construct a perpendicular to the line (0,00) at C and call the positive or 
negative end of this perpendicular the product a{3 of the two ends a, /3 
according as both of these ends are positive, or negative, or one is 
positive and the other negative, respectively. 

Finally assume the formula 

a' 0 = 0 • a = o. 

By the triangle congruence axioms III, 1-3, the validity of the 
formulas 

a/3 = /3a, 
a (/3r) = (a{3)r, 

are immediately seen, i.e., the commutative as well as the associative 
laws of multiplication of ends hold. 
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It is also easily found that the formulas 

1 • a = a, (-l)a = -a 

hold and that if the ends a, (3 of a line satisfy the equation 

a(3 = -1 

then it must pass through the point O. 

The possibility of division becomes clear immediately. Moreover, 
for every positive end 1T there always exists a positive (and also a 
negative) end whose square is equal to the end 1T and which therefore 
could be denoted by Vn. 

In order to prove distributive law of the arithmetic of ends first 
construct from the ends (3 and r the end (3 + r by the method given in 
Section 2. Attempting then in the above indicated mannerio determine 

o 
the ends a(3 , ar, 
a((3 + r), it can be 
seen that the con-
struction is equiv
alent to the congru
ent mapping of the 
plane onto itself 
which produces a 
translation along the 
line (0, 00) by the 

segment OA . 
Therefore, if the 

sum of the ends a{3 

and ar is obtained 
by a construction 
from the point A in
stead of from the 
point 0 , which by 
one of the remarks 

in Section 2 is permissible, then indeed for this sum the end a((3 + r) is 
obtained, i.e. , the formula 

a(3 + ar = a (/3 + r) 

is valid. 
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§ 4. The Equation of a Point 

Having seen in Section 2-3 that for the arithmetic of ends the same 
rules hold as for ordinary numbers, the construction of the geometry 
poses no further difficulties . It can be performed in the following way: 

If ~ , 1/ are the ends of any line let the ends 

u = ~'T/, 

71 = e + 1'} 
2 

be called the coordinates of that line. The, following fundamental 
proposition holds: 

If a, (3, 'Yare three ends with the property that the end 4a'Y - (32 is 

positive then all lines whose coordinates u, v satisfy the equation 

au + (3 v + 'Y = 0 

pass through the same point. 
PROOF. Constructing the ends 

2a 
X = -:y=. a=y= fJ''='' , 

according to Section 2-3, then in view of the meaning of the coordinates 
u, v and since in case a*O, the given equation takes the form 

(X~ + A) (X1/ + A) = -1. 

Let the transformation of an arbitrary variable end w which is in· 
duced by the formula 

w' = Xw + A, 

be investigated. To do this consider first the transformations 

w' = XW and w' = w + A, 

As far as the fust transformation is concerned it is clear that 
multiplication of the arbitrary end w by a constant X is equivalent, 
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according to Section 3, to a translation of the plane along the line 
(0, 00) by a segment depending on X. 

However, to the last transformation also i.e., to the addition of the 
end A to the arbitary variable end w, corresponds a certain motion of 
the plane on itself that depends only on A, namely, one that can be 
regarded as a rotation of the plane about the end 00. 

In order to see this suppose that according to the discussion at the 
end of Section 2 through a reflection in the line (0, 00) the line (w , 00) is 
transformed into the line (- w, 00) and that it in turn goes through a 
reflection in the line ( ! ,00) into the line (w + A, OO) i.e., the addition 
of the end A to the arbitrary variable end w is equivalent to consecutive 
reflections in the lines (0,00) and ( -} , 00). 

From what has been proved above it follows that if~ , 17 are the 
ends of a line, then the ends of the line that is generated from it by a 
motion of the plane that depends only on X and A is given by the 
formulas 

~' = X~ + A, 
17' = X7) + A. 

However, since the above equation 

(X~ + A) (X7) + A) -1 

yields the equation 

for the ends ~', 7)' and since according to one of the remarks of Section 
3 this relation is the condition for the given lines to pass through the 
point 0 , it is seen that all lines (~, 17) satisfying the original equation 

(X~ + A) (XJ1 + A) = -1 

pass through one point. The proof of the stated theorem is thus 
complete. 

Having seen that the equation of a point in line coordinates is linear 
it is easy to deduce the special case of Pascal's Theorem for a pair of 
lines and Desargues' Theorem for perspectively situated triangles as well 
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as the other theorems of projective geometry_ The familiar formulas of 
Bolyai-Lobachevskian geometry can then also be derived with no 
difficulty and the development of this geometry has been thus 
completed with the aid of Axioms I-IV alone. 1 

1 As additional references to those at the beginning of this Appendix (on 
page 133, footnote 2) the following recent texts are cited: 

F. Bachmann, Aufbau der Geometrie aus dem Spiegelungsbegriff 
(Berlin-Gottingen-Heidelberg, 1959). 

K. Borsuk and W. Szmielew, Podstawy Geometrii, translated into English as 
Foundations of Geometry , by E. Marquit (Amsterdam, 1960). 

The following articles might also be mentioned: W. Pej as , "Models of 
Hilbertian Axiom Systems of Absolute Geometry," Math. Ann. , Vol. 143 (1961), 
pp. 212-35 ; F . Bachmann, "Concerning Questions of Parallels," Abh. Math. 
Seminar, University of Hamburg, Vol. 27 (1964), pp. 173-92. 


