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Model Theory and the Philosophy of

Mathematical Practice

Major shifts in the field of model theory in the twentieth century
have seen the development of new tools, methods, and motivations
for mathematicians and philosophers. In this book, John T. Baldwin
places the revolution in its historical context from the ancient Greeks
to the last century, argues for local rather than global foundations
for mathematics, and provides philosophical viewpoints on the
importance of modern model theory for both understanding and
undertaking mathematical practice. The volume also addresses the
impact of model theory on contemporary algebraic geometry, number
theory, combinatorics, and differential equations. This comprehensive
and detailed book will interest logicians and mathematicians as well
as those working on the history and philosophy of mathematics.

john t. baldwin is Professor Emeritus in the Department of Math-
ematics, Statistics, and Computer Science at the University of Illinois
at Chicago. He has published widely on mathematics and philosophy,
and he is the author of a number of books including Fundamentals of
Stability Theory (1988) and Categoricity (2009).
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Example 1.2.3 (Pierce) Spivak’s Calculus book is one of the most highly

regarded texts in late twentieth-century United States. It is more rig-

orous than the usual Calculus I textbooks. Problems 9–11 on page 30

of [Spivak 1980] ask the students to prove the following are equivalent

conditions on N, the set of natural numbers. This assertion is made without

specifying the vocabulary that is intended for a structure N with domain N.

In fact, N is described as the counting numbers,

1, 2, 3, . . .

(1) induction (1 ∈ X and k ∈ X implies k+ 1 ∈ X) implies X = N.

(2) well-ordered Every non-empty subset has a least element.

(3) strong induction (1 ∈ X and for every m < k, m ∈ X implies k ∈ X)

implies X = N.

As Pierce points out, this doesn’t make sense: (1) is a property of a unary

algebra19; (2) is a property of ordered sets20 (and doesn’t imply the others

even as ordered unary algebras21); (3) is a property of ordered unary alge-

bras. In particular, (2) is satisfied by any well-ordered set while the intent is

that the model should have order type ω.

It is instructive to consider what proof might be intended for (1) implies

(3). Here is one possibility. Let X be a non-empty subset of N. Since every

non-zero element of N is a successor (Look at the list!), the least element

not in X must be k + 1 for some k ∈ X. But the existence of such a k

contradicts property (1). There are two problems with this ‘proof ’. The

first problem is that there is no linear order mentioned in the formula-

tion of (1). The second is, ‘what does it mean to “look at the list”?’ These

objections can be addressed. Assuming that N has a discrete linear order

satisfying (∀x)(∀y)[x ≤ y ∨ y + 1 ≤ x] and that the least element is

the only element which is not a successor resolves the first problem. This

assertion follows informally (semantically) if one reads ‘look at the list’ as

‘consider the natural numbers as a subset of the linearly ordered field of

reals.’

As Pierce notes, a fundamental difficulty in Spivak’s treatment is the

failure to distinguish between the truth of each of these properties on

the appropriate expansion of (N, S) and a purported equivalence of the

properties – an equivalence which can make sense only if the properties are

expressed in the same vocabulary.

19 The vocabulary contains only the unary function S.
20 The vocabulary contains only the binary function <.
21 The vocabulary contains <, S.
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But in another sense the problem is the distinction between Hilbert’s

axiomatic approach and the more naturalistic approach of Frege. I’ll

call Pierce’s characterization of Spivak’s situation, Pierce’s paradox. It will

recur;22 Pierce writes:

Considered as axioms in the sense of Hilbert, the properties are not meaningfully

described as equivalent. But if the properties are to be understood just as properties

of the numbers that we grew up counting, then it is also meaningless to say that the

properties are equivalent: they are just properties of those numbers. [Pierce 2011]

Note that this distinction about vocabulary is prior to distinctions

between first and second order logic. We stated the difficulty in the

purported equivalence of (1) and (2) in terms of second order logic. But the

same anomaly would arise if Peano arithmetic (with a schema of first order

induction) were compared with ‘every definable set has a least element.’

Pierce’s paradox is fundamentally a semantic remark. Two sentences are

equivalent if they have the same models; this makes no sense if they do not

have the same vocabularies or at least are viewed as sentences for a vocab-

ulary that contains the symbols from each sentence. It might have been

more precise for Pierce to say ‘trivially false’ rather than ‘meaningless’. In

the second and third cases enumerated by Pierce, it is clear that as sentences

in the vocabulary with symbols (S, <) they are simply not equivalent. And

trivially they are both true in the structure (N; S, <). It can be objected that

it makes sense to prove one property of a given structure A implies the

truth of another on A using properties of A. That seems a normal enough

mathematical strategy. But consider the case at hand: on (N, <, S), well-

order implies induction (i.e. order type ω). Why? Because it is a property

of N that the order type is ω. But this seems to me to be just the type of

argument I attribute to Spivak a few paragraphs up; it is hard to find a

nontrivial phrasing of it.

We introduced vocabulary in Definition 1.0.1 as ‘the specification of

primitive notions.’ Thus the choice of the vocabulary is the fundamental

step in the formalization process. The vocabulary should focus attention

on the concepts seen as most basic.23 For example, in algebraic geometry,

the crucial problems (solutions of systems of equations) are represented

by conjunctions of systems of equations (perhaps of high degree in several

variables), that is, conjunctions of atomic formulas in the vocabulary.

22 See, in particular, just after Example 12.1.1.
23 We don’t attempt to analyze the meaning of ‘basic’ or ‘natural’ concept; we just rely on the

usual understandings in mathematical practice. A more detailed analysis would distinguish
between the criteria of ‘reflecting intuition’ and ‘provides a clear framework’.


